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1 Introduction
The description of fundamental interactions in Physics as fields associated
with the action of Lie groups on maps between manifolds has been the corner-
stone of the last Century. Indeed within this picture fields are (local) maps
between manifolds adapted to a fibration (which distinguishes independent
from dependent variables and their peculiarity when changing coordinates),
∗Corresponding Author
1
L. Accornero and M. Palese 2
i.e. are sections of fibrations, having the additional structure of a bundle
(fields take values in a manifold which is the type fiber of the bundle). In
particular, it is well known that, due to their invariance properties, physical
fields can be described as sections of bundles associated with principal bun-
dles, the configuration bundles are then the so-called gauge-natural bundle,
see e.g. [8, 9, 22].
It is noteworthy that the variational derivation of field equations is an
intrinsic operation strictly related just to the fibration structure and its pro-
longation up to a given order [8, 19, 42, 45]. This approach had several
important developments, in particular when combined with invariance prop-
erties (geometric formulation of the Noether Theorems, specifically).
Furthermore important is now the possibility of a systematic formula-
tion of higher variations, interpreted as variations of suitable ‘deformed’ La-
grangians [2]; combined with symmetry considerations this approach extends
to field theory the concept of so-called higher-order Noether symmetries in
Mechanics [41]. These are of interest in theoretical physics, in particular con-
cerning variations of currents [16]; for applications of the second variation in
gravitational theory in this context see e.g. [11, 18].
Lagrangian symmetries and symmetries of Euler–Lagrange equations have
been called by Andrzej Trautman [45] invariant transformations and gener-
alized invariant transformations, respectively, and they were characterized as
particular kinds of what he called symmetry transformations, i.e. transfor-
mations of extremals into extremals of the same Euler–Lagrange equations.
Indeed, it is well known that a symmetry of Euler–Lagrange equations
(generalized invariant transformations) is also a symmetry transformation of
their solutions (extremals), i.e. a transformation preserving the property of a
field (a section of the configuration bundle on space-time) being an extremal
[26, 45].
The inverse in general is not true: symmetry transformations of solutions
of equations could not be symmetries of the equations themselves. A related
result stating that a Lagrangian ‘dragged’ along symmetry transformations of
its own extremals, has the same extremals as the original Lagrangian (and an
inverse statement stating that a transformation dragging a given Lagrangian
in a Lagrangian having the same extremals is a symmetry transformation of
the extremals) was obtained in [29] (see Theorem 4.3 below).
We focus on conservation laws by explicating the relation among higher
variations of Lagrangians, symmetry transformations of extremals, Jacobi
fields, and conserved currents. We characterize symmetry transformations
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of extremals as particular transformations of the Euler–Lagrange forms to
source forms vanishing along extremals of the original Lagrangian and specif-
ically as Jacobi fields along extremals (Theorem 4.5).
Compared with generalized symmetry transformations (i.e. transforma-
tions leaving invariant the Euler–Lagrange form of a Lagrangian) such trans-
formations provide a weaker invariance property, since the Euler–Lagrange
form is not invariant under their action, although it is transformed to a source
form having the same extremals. Therefore the equations change, but the
solutions of the one equation are also solutions of the second and vice versa.
By explicating the relation among the variation of an Euler-Lagrange form
with the second variation of a Lagrangian and with the Jacobi morphisms
(Proposition 3.4 and Remark 4.9), we prove that with this sort of weaker
invariance is anyway associated a conserved current, and in particular that
this current can be identified as a Noether current for a Lagrangian ‘deformed’
by a symmetry transformation of extremals and associated with (or generated
by) a symmetry transformation of extremals. More specifically, symmetry
transformations of extremals generate conserved currents along the extremals
themselves. Indeed Theorem 4.11 states the existence of a weak (i.e. along
extremals) conservation law for any couple of (infinitesimal) generators of
(vertical) symmetry transformations.
As an explicit example, we write the expressions of the on shell conserved
current generated by couples of symmetry transformations of extremals.
2 Contact structure, variationality and the
‘representation’ problem
We briefly recall the modern geometric calculus of variations on finite order
prolongations of fibered manifolds. We denote by X a differentiable manifold
of dimension n and by Y a differentiable manifold of dimension m + n; we
assume that it exists a fibered manifold structure (Y, π,X) in which X is
the base space, Y is the total space and π is the projection. Let U be an
open subset of X . A local section (the geometric version of a physical field)
γ : U → Y is such that π ◦ γ = IdU . By (xi, yσ), with i = 1 . . . n and
σ = 1 . . .m we denote local fibered coordinates, i.e. adapted to the fibration.
We set dsi =
∂
∂xi
⌋ds, where ds = dx1 ∧ . . . ∧ dxn is the local expression of a
volume element on X .
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Let Ωq(J
kY ) denote the module of q-forms on the set JkY of equivalence
classes of (local) sections of the fibration having a contact of order k in
a point. Note that JkY as the structure of a differentiable manifold and
the structure of a fibration πk : J
kY → X , the prolongation of order k of
π : Y → X .
Of fundamental importance in the calculus of variation is the contact
structure induced by the affine bundle structure of the fibrations πk,k−1 :
JkY → Jk−1Y (see [42], [28]). A differential q-form α on JkY is called a
contact form if, for every section γ of π, we have (jkγ)∗(α) = 0, for any k
order prolongation of γ. It is easy to see that forms ω locally given as
ωσj1...jh = dy
σ
j1...jh
− yσj1...jhidxi
for 0 ≤ h < k are indeed contact 1-forms.
In particular, (dxi, ωσ, ωσj1, . . . , ω
σ
j1...jk−1
, dyσj1...jk) is an alternative local ba-
sis for 1-forms on JkY . It is important to notice that the ideal of the exterior
algebra generated by contact forms on a fixed jet order prolongation is not
closed under exterior derivation, while if α is contact so is dα.
For every form ρ ∈ Ωq(JkY ), by the contact structure we obtain the
canonical decomposition [26]
π∗k+1,k(ρ) = p0ρ+ p1ρ+ · · ·+ pqρ
where p0ρ is a form that is horizontal on X (and so is often denoted by hρ)
while piρ is an i-contact q-form, that is a form generated by wedge products
containing exactly i contact 1-forms. We remark that if q > n every q-form ρ
is contact; then we call it strongly contact if pq−n = 0. The contact structure
induces also the splitting of the exterior differential π∗k+1,kdρ = dHρ + dV ρ
in the so called horizontal and vertical differentials respectively, given by
dHρ =
q∑
l=0
pldplρ and dV ρ =
q∑
l=0
pl+1dplρ.
According to [25] we define the formal derivative with respect to the i-th
coordinate, i = 1, . . . , n, by an abuse of notation also denoted by di, as an
operator acting on forms. It is defined by requiring that is commutes with
the exterior derivative and that it satisfies the Leibnitz rule with respect to
the wedge product. We see that dHρ = (−1)qdiρ ∧ dxi if ρ is a q-form. In
particular, on 0-forms (functions) this operator is just the total derivative,
and on the basis 1-forms we have didx
j = 0, diω
σ
j1...jr
= ωσj1...jri, didy
σ = dyσi .
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By an abuse of notation, di will also indicate the usual the vector field on
JkY along πk+1,k referred to as the formal derivative.
In the following a multi-index will be an ordered s-uple I = (i1, . . . is); the
length of I is given by the number s; and an expression such as Ij denotes
the multi-index given by the (s+ 1)-uple (i1, . . . is, j).
As much as the integration by parts procedure is concerned, we will use
the local formula ωσIi ∧ ds = −dωI ∧ dsi. We also recall the properties
dJω
σ = ωσJ and
∂
∂yν
J
⌋ωσI = δσν δJI (where the Kronecker symbol with multi-
indices has the obvious meaning: it is 1 if the multi-indices coincide up to a
rearrangement and 0 otherwise).
Finally, if ψ is a projectable vector field on Y (i.e. an infinitesimal au-
tomorphism preserving the fibration), jkψ is the projectable vector field,
defined on JkY , associated with the prolongation of the flow of ψ (see, e.g.
[26, 42, 45]).
The contact structure of jet prolongations enables to define an algebro-
geometric object deeply related to the calculus of variations: a differential
sequence of sheaves made of equivalence classes of differential forms taking
a variational meaning. We refer to [27, 30, 28, 25], and to the review [33] for
the construction and the representation of finite order variational sequences.
The concept of a sheaf is due to Leray [31]; a classical reference on this topic
is e.g. [6]; in particular we refer to [27], where the construction of a sequence
of ‘variational sheaves’ can be found.
Let Ωkq denote the sheaf of differential q-forms on J
kY . It can be seen
as a sheaf on Y ; in fact we assign to an open set W ⊆ Y a form defined on
π−1r,0 (W ). We set Ω
k
0,c = {0} and denote by Ωkq,c the sheaf of contact q forms,
for q ≤ n, or the sheaf of strongly contact q-forms if q > n. We define the
sheaf
Θkq = Ω
k
q,c + dΩ
k
q−1,c ,
where dΩkq−1,c is the sheaf associated with the presheaf image through d of
Ωkq−1,c. Of course Θ
k
q = {0} for q > M , M depending suitably on n,m, k and
we get the exact subsequence of the de Rham sequence made by soft sheaves
{0} → Θk1 → Θk2 → · · · → ΘkM → {0}. The quotient sequence of the de
Rham sequence of forms
{0} → RY → Ωk0 → Ωk1/Θk1 → · · · → ΩkM/ΘkM → ΩkM+1 → · · · → ΩkN → {0} ,
where N = dim(JkY ) and RY is the constant sheaf over Y , is called the
Krupka’s variational sequence of order k [27]. Let us denote the quotient
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sheaves by Vkq . Morphisms in this sequence are quotients of the exterior
differential; they are denoted by Eq : Vkq → Vkq+1, i.e. Eq([ρ]) = [dρ]. By
this construction equivalence classes of forms modulo suitable contact forms
are interpreted as differential forms relevant for calculus of variation (La-
grangians, currents, source forms and so on); moreover, analogously to the
de Rham sequence of forms on a differentiable manifold, we get a sequence of
sheaves of ‘variational’ equivalence classes: arrows morphisms in the varia-
tional sequence are relevant operators for the calculus of variations. In partic-
ular, the Euler–Lagrange mapping can be identified with a morphism in the
variational sequence (see Subsections 2.1 and 3.1). Furthermore, within this
framework, the representation of the second variational derivative has been
studied by different approaches in [35, 14]; the roˆle of the Jacobi morphism
and the relation between the Noether theorems and the second variation have
been investigated in [12, 13, 15, 34, 35, 36, 37, 38].
The variational sequence is a (soft sheaf) resolution of the constant sheaf
RY and the cohomology of the complex of global section of the variational
sequence is the de Rham cohomology of Y ; see [27, 28]. Dealing with exact
sequence of sheaves and resolutions enables to study cohomology obstructions
to variational exactness of variationally closed forms and this turns out to be
of interest in many different areas of Physics; for example an obstruction to
the existence of global extremals is related to the obstruction to the existence
of global Noether–Bessel-Hagen currents [39]. Various kind of ‘variationality’
problems (such as the inverse problem of calculus of variations or the local
triviality problem for Lagrangians) are indeed formulated in terms of the
cohomology of the configuration space.
2.1 Geometric integration by parts
Strictly related to concrete applications is then the so called representation
problem, which, roughly speaking, consists in showing that classes of forms,
i.e. elements of the quotient groups Vrq , can be associated with global differ-
ential forms. By the intrinsic geometric structure of the calculus of variations
on finite order prolongations of fibrations, indeed, it is possible to define an
operator (called representation mapping) which takes a differential forms on
the prolongation of order r and associate to it a differential form on a certain
prolongation order s ≥ r, having a meaning in the Lagrangian formalism for
field theory, i.e. Rrq : Ω
r
q → Ψsq, with Ψsq an abelian group of forms of order s,
such that kerRrq = Θ
r
q. It provides an isomorphism Vrq ∼= Ψsq = Rrq(Ωrq).
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For q ≤ n, Rrq can be taken to be simply the ‘horizontalization’ h = p0.
For q ≥ n + 1, it is the image of an operator denoted by I, which will be
suitably defined below and which reflects in an intrinsic way the procedure
of getting a distinguished representative of a class [ρ] ∈ Ωkq/Θkq for q > n by
applying to ρ the operator pq−n and then factorizing by Θ
k
q , see e.g. [33].
In this paper we will refer to the interior Euler operator defined within
the finite order variational sequence according to [24, 25] and applied to the
representation of variational Lie derivatives according to [33].
Definition 2.1 In the following, differential forms which are ωσ generated
l-contact (n+ l)-forms will be called source forms.
Now define locally the map I : Ωrn+k → Ω2r+1n+k by
I(ρ) = 1
k
ωσ ∧ Iσ = 1
k
ωσ ∧
r∑
|I|=0
(−1)|I|dI( ∂
∂yσI
⌋pkρ) .
For a given ρ, I(ρ) is a source form of degree n+ k and it is by construction
a k-contact form. It turns out that, if ρ is global, I(ρ) is a globally defined
form; for a proof, see [25].
The operator I behaves like a projector, i.e. I ◦ I = (π4r+3,2r+1)∗ ◦ I =
I ◦ (π2r+1,r)∗. Since, for any η ∈ Ωrn+k, I ◦ pk ◦ d ◦ pkη = 0, therefore
Θrn+k ⊆ ker I. The opposite inclusion also holds true: since for any (n + k)-
form (π2r+1,r)
∗(ρ)−I(ρ) ∈ Θ2r+1n+k , if I(ρ) = 0 then (π2r+1,r)∗(ρ) ∈ Θ2r+1n+k , and
this implies ρ ∈ Θrn+k. In fact, for any pair of integers s ≥ r, the quotient
map χs,rq : Vrq → Vsq is injective; therefore we have ker I = Θrn+k. These
properties essentially show that the interior Euler operator is well defined
and thus solves the representation problem; see also [28, 46] and references
therein for other approaches.
In view of a characterization of Noether currents, we study the difference
between (π2r+1,r+1)
∗(pkρ) and I(ρ). In particular, we define the residual op-
erator R by the following decomposition formula which is in fact a geometric
integration parts formula
(π2r+1,r+1)
∗(pkρ) = I(ρ) + pkdpkR(ρ) . (1)
Note that, although the decomposition above has a global meaning, R(ρ) is
a strongly contact (n + k − 1)-form defined only locally.
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Example 2.2 Following [25] we can characterize R(ρ) in local coordinates.
For k ≥ 1, if ΨIσ are (k − 1)-contact (n + k − 1)-forms and if ωσI are local
generators of contact 1-forms (see Section 2), up to pull-backs, we can write
(a sort of integration by parts on formal derivatives of forms)
pkρ =
r∑
|I|=0
ωσI ∧ΨIσ =
r∑
|I|=0
dI(ω
σ ∧ ζIσ) = I(ρ) + pkdpkR(ρ) ,
with ζIσ =
r−|I|∑
|J |=0
(−1)|J |(|I|+|J |
|J |
)
dJΨ
JI
σ . The first term gives us the Euler–Lagrange
form, while by rewriting ωσ ∧ ζIσ = ΦI ∧ds, for suitable k-contact k-forms ΦI
on J2rY , we get
r∑
|I|=1
dI(ω
σ ∧ ζIσ) = dH(
r−1∑
|I|=0
(−1)kdIΦIj ∧ dsj) = dHR(ρ) .
This local expressions for R(ρ) will be exploited in Example 4.14 for the case
k = 1, specifically for concrete 1-contact (n + 1)-forms ωσI ∧ ΨIσ associated
with the exterior differential of a suitably ‘deformed’ Yang–Mills Lagrangian.
We will write explicitly the forms ΦIj relative to this Lagrangian. Combined
with results of Theorem 4.11, this approach will enable us to obtain explicit
conserved currents associated with symmetry transformations of Yang–Mills
extremals on Minkowski space-times.
3 (Higher) variations and related currents
The representation (in [33] called the Takens [43] representation) by the hori-
zontalization h and the interior Euler operator I defines a sequence of sheaves
of differential forms (rather than of classes of differential forms), such that
both the objects and the morphisms have a straightforward interpretation in
the calculus of variations. We can obtain formulae for (higher) variations of
a Lagrangian based on an iteration of the first variation formula expressed
through the Takens representation.
3.1 Noether currents
The formulation of the First Noether Theorem [32] is concerned with the rep-
resentation of variational Lie derivatives of classes of degree n, which illus-
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trates the relation between the interior Euler operator, the Euler–Lagrange
operator and the exterior differential, as well as the emerging of the di-
vergence of the Noether currents by contact decompositions and geometric
integration by parts formulae.
In the following, for any n-form ρ, I(dρ) = I(dhρ) = Id(hρ) is the
Euler–Lagrange form En(hρ) obtained as the representation by the interior
Euler operator of the variational class defined by dρ, while for any (n − 1)-
form µ, hdhµ = p0dp0µ is the horizontal differential dH(hµ), which can be
recognized as a divergence (for the notation and the interpretation in the
context of geometric calculus of variations more details can be found e.g. in
[33]).
Theorem 3.1 For any n-form ρ and for any π-projectable vector field ψ on
Y , we have, up to pull-backs by projections,
LJr+1ψhρ = ψV ⌋Id(hρ) + dH(Jr+1ψV ⌋pdV hρ + ψH⌋hρ) (2)
where pdV hρ = −p1R(dhρ).
A generalization of formula (2) to class of degree greater or lower than n
has been obtained [7, 33]. We stress that (2) can be regarded as the local
first variation formula for the Lagrangian hρ with respect to a (variation)
projectable vector field; we refer the reader to [26, 28] for details.
The formula above has been first obtained by Noether in the proof of her
celebrated First Theorem (see the original Noether paper in the historical
survey [23]). This suggest the definition of a Noether current.
Definition 3.2 The Noether current for a Lagrangian λ associated with ψ
is defined as
ǫψ(λ) = J
r+1ψV ⌋pdV λ + ψH⌋λ .
The term pdV λ = −p1R(dλ) is called a local generalized momentum.
It should be stressed that a Noether current is defined for any projectable
vector field, independently from it being a Lagrangian symmetry or not.
When it is not a symmetry of course the Noether current is not conserved
along critical sections.
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3.2 Higher Noether currents
Now we obtain a formula for the second variation, which will be further
exploited in section 4. We note that LJr+1ψhρ = hLJrψρ, and then apply a
standard inductive reasoning. Of course, the iterated variation is pulled-back
up to a suitable order, in order to suitably split the Lie derivatives [2].
Theorem 3.3 For any n-form ρ and any pair of π-projectable vector fields
ψ1 and ψ2, we have, up to pull-backs by projections,
LJr+1ψ2LJr+1ψ1hρ = ψ2,V ⌋Id(ψ1,V ⌋Id(hρ))+
+ dHǫψ2(ψ1,V ⌋Id(hρ)) + dHǫψ2(dHǫψ1(hρ))
(3)
where we define the following (higher) Noether currents associated with ψ2
for the respective new Lagrangians:
ǫψ2(ψ1,V ⌋Id(hρ)) =ψ2,H⌋ψ1,V ⌋Id(hρ) + Jr+1ψ2,V ⌋pdV ψ1,V ⌋Id(hρ) ,
ǫψ2(dHǫψ1(hρ)) =ψ2,H⌋dH(Jr+1ψ1,V ⌋pdV hρ + ψ1,H⌋hρ)+
+ Jr+1ψ2,V ⌋pdV dH (Jr+1ψ1,V ⌋pdV hρ+ψ1,H⌋hρ) .
Note that the expression (3) is given in terms of I and R.
Related to this formula is an identity which will suggest the definition of
the Jacobi morphism, with a look to a specific characterization of symmetry
transformations of extremals (see Definition 4.6).
Let then ψ1, ψ2 be vertical vector fields. We note that, due to the exact-
ness of the representation sequence and linearity of the Lie derivative, (for s
a suitable prolongation order) we can write
Jsψ1⌋LJsψ2Id(hρ) = ψ1⌋Id(ψ2⌋Id(hρ)) = (4)
= LJsψ2LJsψ1hρ− [ψ2, ψ1]⌋Id(hρ)− dHǫψ2(dHǫψ1(hρ)) .
From (3) we get then the following identity.
Proposition 3.4 For every pair of vertical vector fields ψ1 and ψ2 it holds
ψ1⌋Id(ψ2⌋Id(hρ))− ψ2⌋Id(ψ1⌋Id(hρ)) = (5)
= [ψ1, ψ2]⌋Id(hρ) + dH(ǫψ2(ψ1⌋Id(hρ))) .
Note that, being the vector fields vertical, here we have ǫψ2(ψ1⌋Id(hρ)) =
Jr+1ψ2⌋pdV ψ1⌋Id(hρ). Note also that this current is the Noether current for
the ‘deformed’ Lagrangian ψ1⌋Id(hρ) and associated to ψ2.
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4 Symmetry transformations of extremals and
conserved currents
Let hρ be a Lagrangian of order r + 1 on Y .
Definition 4.1 A (local) section γ is an extremal of hρ if it satisfies
Id(hρ) ◦ J2r+1γ = 0 .
Let now φ be an automorphism of Y (i.e. a transformation preserving the
fibration) with projection φ0, and let J
r+1φ be its prolongation.
Definition 4.2 The automorphism φ is a symmetry transformation of an
extremal γ, if the section φ ◦ γ ◦ φ−10 is also an extremal. i.e.
Id(hρ) ◦ J2r+1(φ ◦ γ ◦ φ−10 ) = 0 .
A π-projectable vector field ψ is the generator of symmetry transforma-
tions of γ, if its local one-parameter group of transformations is a flow of
symmetry transformations of γ. It can be shown that a symmetry of Id(hρ)
is also a symmetry transformation of every extremal γ [45, 26, 28].
According with the above references, the following relates symmetry trans-
formations of extremals with projectable vector fields dragging hρ in such a
way that LJr+1ψhρ admits the same extremals.
Theorem 4.3 Let hρ be a Lagrangian of order r+1 and let γ be an extremal.
Then a π-projectable vector field ψ generates symmetry transformations of γ
if and only if
Id(LJr+1ψhρ) ◦ J2r+1γ = 0 ,
Remark 4.4 Note that, being the Lie derivative a natural operator, it holds
LJ2r+1ψId(hρ) = Id(LJr+1ψhρ) and ψ generates symmetry transformations
of γ if and only if
(LJ2r+1ψId(hρ)) ◦ J2r+1γ = 0 .
We thus characterize vertical symmetry transformations of extremals as
particular transformations of the Euler–Lagrange forms to source forms van-
ishing along extremals of the original Lagrangian. As we shall see soon,
L. Accornero and M. Palese 12
basically using the characterizazion of the Lie derivative of Euler–Lagrange
forms in terms of the second variation (see also [35]), we shall characterize
them specifically as Jacobi fields along extremals. Indeed, from equation (4),
holding for any vertical vector field ψ1, we get the following.
Theorem 4.5 Let hρ be a Lagrangian of order r + 1, let γ be an extremal.
Then a vertical vector field ψ generates vertical symmetry transformations
of γ if and only if
Id(ψ⌋Id(hρ)) ◦ J4r+1γ = 0 .
We focus on higher order Noether currents and in particular on currents
associated with the infinitesimal second variation formula (3) in a specific
way. Roughly speaking, up to horizontal differentials, the second variation
(generated by vertical vector fields) of a Lagrangian λ is the Jacobi mor-
phism (see [19] for first order field theory; see also [14]). Here we define
the Jacobi morphism within the representation sequence, i.e. by the interior
Euler operator.
Definition 4.6 Let XV (Y ) be the space of vertical vector fields on Y . The
map
J : Ωrn,X(JrY )→ X∗V (J2r+1Y )⊗X∗V (Y )⊗ Ωrn,X(JrY )
λ→ • ⌋Id(• ⌋Id(λ)) (6)
is called the Jacobi morphism associated with the Lagrangian λ .
The Jacobi morphism is self-adjoint along critical sections of a Lagrangian
field theory of any order (see also [2, 14]). This is a property of great impor-
tance in physical applications.
Theorem 4.7 For any pair of vertical vector fields ψ1, ψ2 on Y , we have
J2r+1ψ2⌋I(J2r+1ψ1⌋dI(dλ)) = 0 .
Along extremals the Jacobi morphism is self adjoint.
Proof. From the decomposition (1), since λ = p0λ, up to pull-backs,
0 = ddλ = dp1dλ = dI(dλ) + dp1dp1R(dλ) ,
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holds true and we have −J2r+1ψ⌋dI(dλ) ∈ Θ2r+1n+1 for every vertical vector
field ψ; this implies that
J2r+1ψ2⌋I(J2r+1ψ1⌋dI(dλ)) = 0 ,
for any pair of vertical vector fields ψ1, ψ2.
Let Eρ(λ) be the local components of the Euler–Lagrange form associated
with λ. We therefore have the local condition
I(J2r+1ψ⌋dI(dλ)) =
2r+1∑
|J |=0
∂Eσ(λ)
∂yρJ
dJψ
ρωσ ∧ ds+
−
2r+1∑
|J |=0
(−1)|J |dJ(∂Eσ(λ)
∂yρJ
ψσ)ωρ ∧ ds = 0 ,
Note that along extremals the terms of the form ∂ψ
ρ
∂yσ
Eρ(λ) vanish. There-
fore, along extremals, for every vertical vector field ψ on Y , we have the
equality of the following two local expressions (the first coming from the
direct calculation of Id(ψ⌋Id(λ)) along extremals in local coordinates, the
second coming from the identity above):
Id(ψ⌋Id(λ)) =
2r+1∑
|J |=0
(−1)|J |dJ(ψρ∂Eρ(λ)
∂yσJ
)ωσ ∧ ds = (7)
=
2r+1∑
|J |=0
dJψ
σ ∂Eρ(λ)
∂yσJ
ωρ ∧ ds . (8)
These two local expressions provide, indeed, two (adjoint to each other) ex-
pressions for the Jacobi morphism along extremals, which is then self-adjoint.
In view of their interpretation as generators of symmetry transformations of
extremals, an important roˆle is played by vector fields that are in the ker-
nel of the Jacobi morphism. In the following we use the notation Jψ(λ) for
short to denote Id(ψ⌋Id(λ)). Note that, of course, Id(ψ⌋Id(λ)) should not
be confused with I(J2r+1ψ⌋dI(dλ)). In particular I(J2r+1ψ⌋dI(dλ)) is re-
lated to the Helmholtz form expressing conditions of local variationality for
a source form.
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Definition 4.8 Let λ be a Lagrangian of order r. A Jacobi field for the
Lagrangian λ is a vertical vector field ψ that belongs to the kernel of the
Jacobi morphism, i.e. satisfying the Jacobi equation for the Lagrangian λ
Jψ(λ) = 0 .
The Jacobi morphism Jψ(λ), evaluated along an extremal γ, depends only
on the values of the vector field ψ along γ. Thus we can define the Jacobi
equation along an extremal; about its solutions we will speak of Jacobi fields
along an extremal γ.
Remark 4.9 Note that by Theorem 4.5 Jacobi fields along extremals are
vertical symmetry transformations of extremals and vice versa.
Remark 4.10 Equation (8) provides the ‘adjoint expression’ for the Jacobi
equation along extremals; it can be of use in order to obtain an easier char-
acterization of the kernel of the Jacobi morphism in practical computations,
see Example 4.13; see also [40] for an explicit application in SU(3)-Yang–
Mills theories in the context of a variationally featured symmetry breaking
(which was suggested could be useful e.g. for a canonical characterization of
confinement phases in non-abelian gauge theories [44]).
It should be stressed that our characterization of (vertical) symmetry
transformations of extremals as Jacobi fields along extremals is finalized to
understanding the existence of conservation laws associated with such kind
of symmetry transformations, which in principle are different from Noether
or Noether–Bessel-Hagen conservation laws associated with symmetries or
generalized symmetries of the Lagrangian λ.
Theorem 4.11 Let ρ be an n-form on Jr−1Y and hρ the associated La-
grangian on JrY . Let ψ1 and ψ2 on Y be two generators of vertical sym-
metry transformations of extremals. Then, along extremals of hρ, the weak
conservation law holds true:
dHǫψ2(ψ1⌋Id(hρ)) = 0 . (9)
Proof. Indeed, by Theorem 4.5, the two generators of symmetry trans-
formations ψ1 and ψ2 are also Jacobi fields, i.e. they must satisfy Jψi(hρ) = 0,
for i = 1, 2. Therefore from (5), since also [ψ2, ψ1]⌋Id(hρ) vanishes along ex-
tremals, we get the result.
For the interpretation of this current as a Noether current for a ‘deformed’
Lagrangian, see the note at the end of Proposition 3.4.
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Remark 4.12 Suppose that ψ2 is a symmetry of the first variation of hρ
generated by ψ1 and that ψ1 and ψ2 satisfy ψ2⌋Jψ1(hρ) = 0, then we have a
strong conservation law:
dHǫψ2(LJrψ1hρ) = 0 . (10)
Now, along extremals, taking two vertical symmetry transformations ψ1 and
ψ2, we get two separated weak conservation laws; see also [2].
Example 4.13 Let us consider a Yang–Mills theory [47] on the bundle
(CP , π,M) of principal connections with structure bundle (P, p,M,G), G
being a semi-simple group. Lower Greek indices label space-time coordi-
nates, while capital Latin indices label the Lie algebra g of G, then, on the
bundle CP , we introduce coordinates (x
µ, ωAσ ).
Let δ be the Cartan-Killing metric on the Lie algebra g, and choose a
δ-orthonormal basis TA in g; the components of δ will be denoted δAB. The
Yang-Mills Lagrangian is locally expressed by
λYM = −1
4
FAµνg
µρgνσFBρσδAB
√
gds ,
where g stands for the absolute value of the determinant of the metric gµν ,
cABC are the structure constants of g, F
A
µν = ω
A
ν,µ − ωAµ,ν + cABCωBµ ωCν is the so
called field strength, and we set ωAµ,ν = dνω
A
µ .
From now on, we assume the metric η to be Minkowskian; in this case
the Euler–Lagrange expressions for the Yang–Mills Lagrangian are explicitly
written as
EνB = δBAη
λµηǫν(ωAǫ,λµ − ωAλ,ǫµ + cAZDωZλ,µωDǫ + cAZDωZλ ωDǫ,µ) + (11)
+ηλµηǫνδDA(ω
D
ǫ,λ − ωDλ,ǫ + cDEFωEλ ωFǫ )cABZωZµ .
Let (φa) be a set of coordinates on the groupG. A vertical vector field over
CP has the form ψ = ψ
Z
σ
∂
∂ωZσ
and its components satisfy the transformation
rule ψ′Bν = Ad
B
A(φ)ψ
A
µ J
µ
ν where Ad
B
A(φ) is the adjoint representation of G on
g and J
µ
ν denotes the inverse of the matrix of the change of coordinates in
the base space. As well known, if L(M) is the frame bundle of M , given
the vector space V = g⊗Rn and the representation λ essentially defined by
the transformation rules above, the sections of the associated bundle B =
(P ×M L(M)) ×λ V are in one to one correspondence with vertical vector
fields over CP .
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It is also known that a principal connection on P ×M L(M) is induced
by any pair (ω,Γ), where ω is a principal connection on P (for example, an
extremal of the Yang-Mills Lagrangian) while Γ is a principal connection on
L(M) (see [20, 21] and, for gauge-natural theories, [9, 10]). In coordinates, if
ρνλ are right invariant vector fields on L(M), then Ω¯ = dx
µ ⊗ (∂µ − ωAµ ρA) is
a principal connection on P ×M L(M) (recall that, since we are considering
a manifold M which admits a Minkowskian metric, we have Γλνµ = 0). The
induced connection on B is given by
Ω = dxµ ⊗ (∂µ + cBADψDσ ωAµ ∂σB) .
We now refer to Theorem 4.7 to derive the expression of the Jacobi equation
along critical sections by using the explicit formula (8); this notably simplifies
calculations. By some careful manipulations (see [2] for details), denoting
by ∇ the covariant derivative corresponding to Ω, the Jacobi equation for
this kind of Yang-Mills theory, due to the antisymmetry of FDβσ in the lower
indices, splits in the antisymmetric and symmetric parts
ην[σηβ]α
{∇β
[(∇αΞAσ −∇σΞAα
)
δBA
]
+ FDβσδADc
A
BZΞ
Z
α
}
= 0 , (12)
ην(σηβ)α
{∇β
[(∇αΞAσ −∇σΞAα
)
δBA
]}
= 0 .
for any pair (ν, B).
Note that the left hand side of these equations are the analogous, for a
Minkowskian metric, of the classical expression for the Jacobi operator for
Yang–Mills theories on different backgrounds, see e.g. [3, 5], and it reproduces
results for first order non regular Lagrangians [19].
In this and in the following example, in order to avoid confusion, let
χAµ , χ
A
µ,ν , χ
A
µ,νρ, . . . denote generators of contact forms. Here we stress that
solutions ψ of the above equations are the generators of symmetry trans-
formations of Yang–Mills extremals ω, i.e. if ψ is a solution of the above
equation, then the source form LJ3ψ(E
ν
B χ
B
ν ∧ ds), where EνB are given by
(11), also vanishes along the same extremals, i.e.
(LJ3ψ(E
ν
B χ
B
ν ∧ ds)) ◦ J3ω = 0 .
Here, by a slight abuse of notation, we denoted by ω a section of the bundle
(CP , π,M) which is an extremal.
As we already mentioned, compared with transformations leaving invari-
ant the Euler–Lagrange form EνB χ
B
ν ∧ ds, such transformations are involved
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with a weaker invariance property, since the Euler–Lagrange form is not in-
variant under their action, but it is transformed to a source form having
the same extremals. Note that indeed the Yang–Mills extremals ω are also
solutions of the equation above and vice versa.
In the next example, as an instance of application of our main result, The-
orem 4.11, we determine the conserved current associated to such a weaker
invariance property.
Example 4.14 We write down explicitly the current for two given gener-
ators of vertical symmetry transformations ψ and ψ˜, solutions of equation
(12). Being the vector fields vertical, from Theorem 4.11, equation (9), the
conserved current along an extremal has the form
ǫψ˜(ψ⌋Id(λYM)) = −J3ψ˜⌋p1R(d(ψ⌋Id(λYM))) .
Recalling that EνB are coordinate expression of the Euler–Lagrange form,
we apply the coordinate characterization of the residual operator (given in
Example 2.2) to the form
d(ψ⌋Id(λYM)) =
= (
∂ψBν
∂ωZρ
EνB + ψ
B
ν
∂EνB
∂ωZρ
)χZρ ∧ ds+ (ψBν
∂EνB
∂ωZρ,ξ
)χZρ,ξ ∧ ds+ (ψBν
∂EνB
∂ωZρ,ξτ
)χZρ,ξτ ∧ ds .
We suitably rewrite the above in the form
2∑
|I|=0
dI(χ
A
µ ∧ ζµ,IA ) and note that
the case |I| = 0 gives no contribution to the residual operator, thus
R(d(ψ⌋Id(λYM))) = −(ψBν
∂EνB
∂ωZρ,ξ
− dτ (ψBν
∂EνB
∂ωZρ,ξτ
))χZρ ∧ dsξ +
−(ψBν
∂EνB
∂ωZρ,ξτ
)χZρ,τ ∧ dsξ ,
and the current is given by
ǫψ˜(ψ⌋Id(λYM)) = [ηρ[ξησ]νδBAcAZDωDσ (ψBν ψ˜Zρ − ψZρ ψ˜Bν )+
(ηξσηρν − ηρ(σηξ)ν)(ψZν ∇σ(ψ˜Bρ δBZ)− ψ˜Zρ∇σ(ψBν δBZ))]dsξ ;
here the brackets () and [] in the superscripts denote symmetrization and
anti-symmetrization, respectively (for details see [1, 2]).
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Remark 4.15 It is noteworthy that, by Proposition 3.4 and in particular
by Remark 4.9, here the existence and the meaning of the above current is
understood under a new light, definitely relevant from a physical point of
view.
In the present paper we clarify that such a conservation law emerges by
an invariance property of the set of extremals and, moreover, that the associ-
ated conserved current can be interpreted as a very specific kind of Noether
current, the existence of which is related with a wide class of symmetry
transformations. Indeed, we proved that this current can be identified as the
Noether current for the Yang–Mills Lagrangian ‘deformed’ by the symme-
try transformation of extremals ψ and associated with (or generated by) the
symmetry transformation of extremals ψ˜.
Remark 4.16 We note that Equation (5) of Proposition 3.4 says us that for
any vertical vector field ψ1 = ψ2 = ζ , the current ǫζ(ζ⌋Id(hρ)) is a strong
conserved current (i.e. conserved ‘of shell’). However, it can be easily checked
that, at least in the specific case of study, for any (vertical) symmetry trans-
formation of extremals ψ˜ = ψ the weak (i.e. ‘on shell’) conserved current
reduces to ηρ(σηξ)ν(ψZν ∇σ(ψBρ δBZ)−ψZρ ∇σ(ψBν δBZ))dsξ, which vanishes iden-
tically because ηρ(σηξ)ν = ην(σηξ)ρ. This holds true for any couple of linearly
dependent symmetry transformations.
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